The interaction between molecules is commonly ignored in surface-enhanced Raman scattering (SERS). Under this assumption, the total SERS signal is described as the sum of the individual contributions of each molecule treated independently. We adopt here an optomechanical description of SERS within a cavity quantum electrodynamics framework to study how collective effects emerge from the quantum correlations of distinct molecules. We derive analytical expressions for identical molecules and implement numerical simulations to analyze two types of collective phenomena: (i) a decrease of the laser intensity threshold to observe strong non-linearities as the number of molecules increases, within intense illumination, and (ii) identification of superradiance in the SERS signal, namely a quadratic scaling with the number of molecules. The laser intensity required to observe the latter in the anti-Stokes scattering is relatively moderate, which makes it particularly accessible to experiments. Our results also show that collective phenomena can survive in the presence of moderate homogeneous and inhomogeneous broadening.
The interaction between molecules is commonly ignored in surface-enhanced Raman scattering (SERS) . Under this assumption, the total SERS signal is described as the sum of the individual contributions of each molecule treated independently. We adopt here an optomechanical description of SERS within a cavity quantum electrodynamics framework to study how collective effects emerge from the quantum correlations of distinct molecules. We derive analytical expressions for identical molecules and implement numerical simulations to analyze two types of collective phenomena: (i) a decrease of the laser intensity threshold to observe strong non-linearities as the number of molecules increases, within intense illumination, and (ii) identification of superradiance in the SERS signal, namely a quadratic scaling with the number of molecules. The laser intensity required to observe the latter in the anti-Stokes scattering is relatively moderate, which makes it particularly accessible to experiments. Our results also show that collective phenomena can survive in the presence of moderate homogeneous and inhomogeneous broadening.
I. INTRODUCTION
The interaction between molecular vibrations and photons of an external laser as measured in surface-enhanced Raman scattering (SERS) 1,2 is strongly enhanced by the presence of nearby metallic nanostructures acting as effective optical nanoantennas 3, 4 , such as nanorods 5-8 , nanostars [9] [10] [11] , nanoparticle dimers [12] [13] [14] [15] [16] , nanoparticle-ona-mirror configurations 17, 18 and atomic force microscope or scanning tunnelling microscope (STM) tips [19] [20] [21] [22] [23] [24] [25] [26] . This enhancement is partially attributed to the chemical interaction between the molecules and the metal 27 , but it is mainly boosted by the strong increase of the electromagnetic field strength near the nanostructures 1 due to the collective excitation of electrons in the metal, i.e. localized surface plasmon polaritons. Because the characteristic narrow Raman peaks can be associated with unique vibrational frequencies of molecules, SERS is standardly applied to detect particular molecular fingerprints and to characterize and track minute amounts of analytes [28] [29] [30] [31] (including single molecules [32] [33] [34] ) for biology and medicine 35 .
Most SERS measurements have been successfully interpreted within classical or semi-classical theories 1, 38 , but recent experiments using well-controlled metallic nanostructures and precise positioning of molecules 12, 17, 19 might allow to reach conditions where the quantum nature of the molecular vibration-plasmon interaction becomes relevant. In the last few years, a cavity quantum electrodynamics (QED) description of SERS has been * Electronic address: yzhuaudipc@zzu.edu.cn † Electronic address: aizpurua@ehu.eus ‡ Electronic address: ruben˙esteban@ehu.eus developed [39] [40] [41] [42] by using second-quantization to model both photonic and vibrational excitations. This description is formally analogue to the one typically used in cavity optomechanics 43 , but with orders-of-magnitude larger losses and coupling strength. This approach is able to predict not only the population of the molecular vibrations, the Stokes and anti-Stokes SERS signal in standard situations, but also many other intriguing effects, such as Raman-induced plasmon resonance shifts, higherorder Stokes scattering, complex Raman photon correlations, heat-transfer between molecules and a strongly non-linear scaling of the Stokes and anti-Stokes signal with laser intensity that can even lead to a divergent Raman scattering (known as parametric instability in cavity optomechanics) 39, 40, 42, 44, 45 . While previous works focused mostly on single molecules, we provide here a thorough study of SERS when many molecules are present. Qualitativley different behaviors arise when the SERS is studied by the optomechanical description and by the standard classical treatment. The latter typically assumes that the molecules can be considered as independent, i.e. without interaction among them, so that the signal from N identical molecules simply corresponds to N times the signal from a single molecule. On the other hand, the optomechanical description suggests that the molecules can interact with each other via their coupling to the plasmonic structure, leading to collective effects under adequate conditions. For example, it has been pointed out theoretically 39 that the presence of many molecules can facilitate reaching the parametric instability at lower laser intensity. The collective response has also been invoked in the design of a photon up-conversion device based on SERS 46 and to explain a recent experiment 47 that reveals a non-linear dependence of the Stokes SERS signal on the pulsed laser intensity. In other related contexts, collective in-arXiv:2001.01750v1 [physics.optics] 6 Jan 2020 teractions have been studied in Raman experiments with exquisitely controlled atoms at ultra-low temperatures and are now applied routinely to study a variety of interesting phenomena, such as superradiant Raman lasing 48 , spin-squeezing 49 and quantum phase transitions 50 . In these systems the Raman signal can scale quadratically with the number of atoms 51 .
In short, the optomechanical description suggests that novel collective effects can emerge in experiments, but most SERS measurements are regularly interpreted without considering these effects. Motivated by this appealing opportunity, in this paper, we study under which conditions the collective effects can emerge in realistic SERS experiments. With this objective in mind, we extend the molecular optomechanical description of nonresonant Raman to the case of many molecules (see sketch in Figure 1a ), which naturally incorporates the quantum correlations between different molecules that are the origin of these collective effects. We first focus on a simple system that consists of identical molecules and derive analytic expressions to identify two kinds of collective effects: (i) a quadratic increase of the Stokes and, more significantly, the anti-Stokes signal with an increasing number of molecules N and (ii) a decrease of the laser power required to observe the parametric instability or a saturation of the vibrational population for an increasing N . The latter is connected with the cooling of mechanical oscillations that is often observed in other optomechanical systems 43 . In addition, we find that these collective effects are robust to the homogeneous broadening of molecules caused by, for example, loss-induced dephasing, and also to the inhomogeneous broadening due to slight variations in the vibrational frequency of different molecules.
II. SYSTEM AND MODEL
We study the Raman scattering from an arbitrary number of molecules that interact with a plasmonic nanostructure, as sketched in Figure 1a . We consider biphenyl-4-thiol (BPT) molecules as canonical molecular species coupled to an optimized plasmonic system, such as a metallic nano-particle on a mirror configuration 17 or a metallic STM tip over a metallic substrate 19 . Our model assumes that the molecules are sufficiently far apart so that they interact with each other only via their coupling with the plasmonic excitation of the nanostructure, and thus the model is more suitable for systems where the molecules are not closely packed.
We consider the vibrational mode of the BPT molecule with energy ω s = 196.5 meV (frequency 1580 cm −1 ) due to its strong Raman activity 47 R 2 s = 10 5 0Å 4 /amu. Here, 0 and amu are the vacuum permittivity and the atomic mass unit, respectively. The large value of R 2 s is due to not only the intrinsic properties of the molecule but also to its chemical interaction with the metallic surfaces (chemical Raman enhancement). For simplicity, we ne-glect any possible infrared activity of the molecular vibrations, so that different molecules couple only with each other via Raman processes. The label s distinguishes between molecules and this is useful for molecules with different vibrational frequencies as considered later on. We consider non-resonant SERS and thus do not include the electronic excited states of the molecule explicitly. In addition, we assume that the potential energy surface (of the electronic ground state) depends quadratically on the normal mode coordinates and thus the vibrations can be modeled as harmonic oscillators via the Hamiltonian H vib = s ω s b † s b s , where b † s , b s are the bosonic creation and annihilation operator of the vibrational excitation, respectively 2, 40 and is Planck's reduced constant. The incoherent coupling of the molecular vibrations with the environment results in a (small) phonon decay rate γ s = 0.07 meV 45, 47 (except when otherwise stated), a thermal phonon population n th s = [e ωs/k B T − 1] −1 ≈ 10 −3 at temperature T = 290K (k B is the Boltzmann constant), and a vibrational pure-dephasing rate (homogeneous broadening) χ s 52 . We set χ s initially to zero and analyze its influence on the system later on. The incoherent processes are included in our description via Lindblad terms (see below).
We assume that the metallic nanostructure is surrounded by vacuum and that its plasmonic response is dominated by a single Lorentzian-like cavity mode 53, 54 , characterized by an energy ω c = 1.722 eV (wavelength 720 nm), a damping rate κ = 200 meV and an effective mode volume V ef f = 327 nm 3 . This volume is significantly below the diffraction limit but is large enough to accommodate many molecules and is well within values achievable with plasmonic structures 55, 56 . We model this cavity mode within the canonical quantization scheme 40 as a harmonic oscillator characterized by the Hamiltonian H cav = ω c a † a, where a † and a are bosonic creation and annihilation operator of the plasmonic excitation, respectively. This model can be extended in a straightforward manner to a system with an arbitrary plasmonic response 53, 57 . In addition, the plasmonic cavity is excited by a laser of angular frequency ω l as described by the Hamiltonian H las = i Ω a † e −iω l t − ae iω l t in the rotating wave approximation (RWA).
is the coupling strength 40, 54 with K = 206 the maximum enhancement of the electric field amplitude at resonance, I las the laser intensity and c the speed of light in vacuum 47 .
The molecular vibrations interact with the plasmonic mode via the molecular optomechanical coupling [39] [40] [41] 
Rsωc ε0V ef f depends on the properties of the molecular vibrations, such as the Raman amplitude R s , and those of the plasmon, such as the effective mode volume V ef f [39] [40] [41] . The factor f s ≤ 1 accounts for the position and orientation of the molecule and is one in the optimal case. In our system, we obtain g s = 0.084 meV (using f s = 1) as a representative 
Schematics of the SERS system. An ensemble of molecules are located in a gap between a gold nanostructure and a gold substrate. The molecules interact with the plasmonic system, which is excited by an external laser (green arrow), and the emission rate of Stokes (red arrow) and anti-Stokes (blue arrow) Raman photons is enhanced by the plasmonic response of the metallic nanostructure. (b) Diagram of the Raman process when the (plasmon-enhanced) interactions between different molecules are assumed to be absent. The vibrational mode of each molecule is modeled as a harmonic oscillator with equally-spaced energy levels in a parabolic potential energy surface (with respect to the normal mode coordinate Q). The plasmon-enhanced Stokes (vertical red lines) and anti-Stokes (vertical blue lines) scattering occur via virtual levels (horizontal dashed lines), excited by the plasmon-enhanced local field (green vertical lines). Phonon decay of individual molecules are also included (vertical wavy arrows). (c) and (d) represent Raman processes associated with the collective effects in the (c) Stokes and (d) anti-Stokes scattering from several molecules, which occur due to the molecule-molecule correlations established by the plasmon-mediated interaction between different molecules. The parameters Γ ± ss and Γ ± ss (s = s or s = s ) characterizing the processes in (b,c,d) are described in the text. value, which is much stronger than the values in standard cavity optomechanical systems but is still relatively moderate in the context of molecular optomechanics 41 .
We model the dynamics of this lossy system with the standard quantum master equation 58 for the reduced density operator ρ with the full Hamiltonian H = H vib + H cav + H las + H int describing the coherent dynamics, and the Lindblad superoperators incorporating incoherent processes, such as plasmon damping, phonon decay, thermal pumping and dephasing of molecular vibrations. Further on, we can simplify the solution of the master equation dramatically by adiabatically eliminating the plasmonic degree of freedom after linearizing the Hamiltonian H int . As a result, we obtain an effective master equation for the reduced density operator ρ v of the molecular vibrations, which describes the dynamics associated with the vibrational (incoherent) noise operator δb s = b s − β s , where β s = tr {b s ρ} is the coherent amplitude. From the effective master equation we obtain the equations for the incoherent phonon population n s ≡ δb † s δb s = tr δb † s δb s ρ v and the noise correlations c ss ≡ δb † s δb s (s = s ) as well as for the noise amplitudes δb s (or δb † s ). We show in Section S5.1 of the Supporting Information that the incoherent phonon population dominates over the coherent value | β | 2 except for extremely intense lasers. The Raman spectra can be obtained by applying the quantum regression theorem 59 , with the use of the equations for δb s and δb † s . Significantly, we find that the Stokes and anti-Stokes scattering are affected not only by the dynamics of individual molecules but also by the molecule-molecule correlations. More details on the derivation, the exact equations and the involved approximations are provided in the Methods Section and in Section S1 and S2 of the Supporting Information.
In our model the plasmonic mode acts as a structured reservoir and affects the vibrational dynamics by introducing: i) a shift of the vibrational frequencies, in a similar way as the Lamb shift 60, 61 ; ii) plasmon-mediated coherent coupling between each pair of molecules; iii) incoherent pumping of each vibration at rate Γ + ss ; iv) incoherent damping at rate Γ − ss and v) plasmon-mediated incoherent coupling of the vibrations at rate Γ + ss , Γ − ss (s = s ). The last four sets of parameters (corresponding to iii-v) are particularly important for the phenomena discussed in this work. Here, the superscript "+" and "−" indicate that the parameters are evaluated with the spectral density of the plasmon at the Stokes ω l − ω s (+) and anti-Stokes ω l + ω s (−) frequencies. The exact expressions of these parameters are given in Section S1.2 of the Supporting Information, but we note that all of them are proportional to the laser intensity. As an example, for two molecules with same vibrational frequency ω s = ω s but different optomechanical coupling to the plasmonic cavity g s = g s , the rates Γ + ss and Γ − ss follow expressions similar to those of single molecules 40, 41 as
with ω c = ω c −2 s Reβ s the plasmonic cavity frequency accounting for the slight shift 2 s Reβ s induced by the vibrations (analogue to the Lamb shift). The advantage of this approach is that it results in a closed set of equations solvable for many molecules (see Section S2 in Supporting Information). To conclude, Figure 1b ,c,d sketch an intuitive picture of the parameters Γ + ss ,Γ − ss . More precisely, Γ + ss (Γ − ss ) corresponds to the transition rates from lower (higher) to higher (lower) vibrational states of individual molecules that are already present in the absence of any collective effect, as represented by the red (blue) arrows in Figure  1b and discussed in previous works on single-molecule optomechanical SERS 40, 41 . On the other hand, Γ + ss and Γ − ss (with s = s ) emerge from the full collective situation and describe interference effects due to the plasmonmediated interaction between molecule s and s and introduce additional paths to excite or de-excite vibrational states, as represented by the red arrows in Figure 1c and the blue arrows in Figure 1d , respectively.
III. COLLECTIVE EFFECTS IN RAMAN SCATTERING OF IDENTICAL MOLECULES
In this section, we focus on the simplest case of N identical molecules and no homogeneous broadening, to identify under which conditions collective effects can emerge. Throughout the paper, the term identical molecules implies not only that the intrinsic properties of the molecular vibrations are the same, but also that they couple to the plasmon with same strength. To study this situation, we show in Figure 2 the incoherent phonon population and the noise correlation (a,b,c), and the (frequencyintegrated) Stokes and anti-Stokes intensity (d,e,f) for different number of molecules N ( N = 1, 10, 20, ...300) in the cavity, as a function of laser intensity I las (from 1 µW/µm 2 to 10 8 µW/µm 2 , corresponding to Ω from 1.28 meV to 12.8 × 10 3 meV). The Raman signal in (d,e,f) is normalized by N , i.e. the scattering per molecule, so that the collective effects are manifested by a change of this quantity with increasing N . We also consider different frequency detunings, ∆ω = ω l − ω c , between the laser excitation and the plasmonic resonance to show that, consistent with the work on single molecules 40 , different trends are observed when the strong laser illumina-tion is blue-detuned ( ∆ω = 236meV > 0, Figure 2a ,d), zero-detuned (∆ω = 0, Figure 2b ,e) and red-detuned ( ∆ω = −236meV < 0, Figure 2c ,f). To simplify the discussion, in all the calculations we fix the detuning ω l − ω c with respect to the shifted plasmon resonance ω c by slightly shifting ω l as the laser intensity is increased (see Section S5.5 in Supporting Information for results with ω l fixed).
To understand the results in Figure 2 , we derive analytical expressions by taking advantage of the permutation symmetry of identical molecules (see Section S3 in Supporting Information). We find that the intensity integrated over the Stokes and anti-Stokes lines can be expressed as
where the factor N and N (N − 1) originate from the sum over all identical molecules and all identical molecular pairs, respectively. The latter leads to the emergence of the collective effects when the noise correlations c ss are sufficiently large. The factor ω 4 originates from the frequency-dependence of dipolar emission and, for simplicity, is ignored in the following. Further, the noise correlation c ss and the incoherent phonon population n s are given by
where eq 4 is defined for N > 1 and we have defined the optomechanical damping rate Γ opt s = Γ − ss − Γ + ss of single molecule 40, 43, 47 (with Γ ± ss ∝ I las , see eq 1). The denominator, γ s +N Γ opt s , in these expressions can be understood as a modification of the effective phonon decay rate due to the optomechanical damping rate. We observe that the incoherent phonon population n s is equal to the noise correlation c ss plus the thermal population n th s and the noise correlation is built through the plasmon-mediated molecule-molecule interaction (notice Γ ± ss = Γ ± ss for identical molecules). In addition, we note that eqs 2-5 can also be derived within a collective oscillator model 62 , as detailed in Section S4 of the Supporting Information.
Equations 1-5 allow for understanding the collective effects revealed by Figure 2 . To this end, it is useful to distinguish three regimes as identified previously for single molecules 40 (coded with different background colors in Figure 2 ) for different laser intensity.
A. Weak and Moderate Laser Illumination: Thermal and Vibrational Pumping Regimes
For weak and moderate laser intensity I las , the vibrational damping and pumping rates given by eq 1 for s = s (and thus the optomechanical damping rate) are small enough so that they do not affect the effective phonon decay rate for any N , i.e. γ s + Γ opt s N ≈ γ s , and thus c ss ≈ Γ + ss /γ s ∝ I las (for n th s 1). As a consequence, the phonon population (eq 5) adopts a very simple form, n s ≈ n th s + Γ + ss /γ s , with a constant thermal population n th s and a term Γ + ss /γ s ∝ I las proportional to the laser intensity that accounts for the creation of phonon by Stokes scattering, also known as vibrational pumping [36] [37] [38] . The noise correlations (eq 4) follow the same linear dependence with I las , but do not depend on the thermal population, i.e. c ss ≈ Γ + ss /γ s ∝ I las . We can now identify the first two regimes. When the laser intensity I las is small enough, the thermal con-tribution dominates the incoherent phonon population, n s ≈ n th s , and we are thus in the so-called thermal regime (white-shaded area in Figure 2 ). On the other hand, for moderate I las the incoherent phonon population is largely induced by the vibrational pumping rate Γ + ss (n s ≈ n th s + Γ + ss /γ s ), and the system is in the vibrational pumping regime (grey shaded area in Figure  2 ) 38, 40 . The noise correlations follow the same expression (c ss ≈ Γ + ss /γ s ∝ I las ) for these weak and moderate laser intensities, but become significantly larger in the vibrational pumping regime. Notably, these expressions and the results in Figure 2a -c demonstrate that neither the incoherent phonon number nor the noise correlation depends on the number of molecules, and thus they do not manifest any collective effect neither in the thermal nor in the vibrational pumping regime. Furthermore, all the trends discussed here are independent of the laser detuning.
We can now use the above analysis of the noise correlation and the incoherent phonon population to explain the evolution of the Raman signal in Figure 2d ,e,f for weak and moderate I las . The number of molecules can affect the Raman signal per molecule due to its influence on the incoherent phonon population, or via the noise correlation that characterizes the molecule-molecule interaction (term scaling as N 2 in eqs 2 and 3). Focusing first on the thermal regime, we found that both effects are negligible. As a consequence, the integrated Stokes (red lines) and anti-Stokes (blue-lines) intensity normalized by N in Figure 2 are independent of the number of molecules and they scale linearly with laser intensity, as observed directly from eqs 2,3, which become I st /N ∝ Γ + ss (1 + n s ) and I as /N ∝ Γ − ss n s (notice Γ + ss ∝ I las and Γ − ss ∝ I las ). Thus, in the thermal regime the Raman scattering does not show the signature of collective effects.
On the other hand, in the vibrational pumping regime it is not possible to neglect the effect of the correlations c ss on the Raman scattering or the linear dependence of the incoherent phonon population n s on the laser intensity I las . As identified previously for single molecules 40, 45 , the linear dependence of n s leads to a quadratic dependence of the anti-Stokes scattering on I las . Further, eq 3 also indicates that as c ss becomes larger the integrated anti-Stokes intensity acquires a contribution that scales quadratically with the number of molecules I as ∝ N 2 . The anti-Stokes intensity per molecule I as /N thus becomes dependent on the number of molecules for all laser detunings, as clearly revealed by the blue lines in Figure 2d ,e,f, which is the signature of the first collective effect. The N 2 scaling of the scattering corresponds to a superradiant behavior, similar to the superradiant Raman scattering of cold atoms 51, 63 or the single-photon superradiance from molecular or atomic electronic transitions 64, 65 . This superradiant SERS can be understood as the result of the constructive interference of the anti-Stokes scattering from different molecules, which become in phase as a consequence of the increased noise correlations between the molecules in the vibrational pumping regime. Equivalently, we can attribute this effect to the N 2 paths of the anti-Stokes scattering shown in Figure 1c ,d that become relevant for sufficiently large noise correlations between different molecules.
It is also worthwhile to note that the term proportional to N 2 in eq 3 also scales with I 2 las (for c ss ∝ I las ). Thus, the quadratic dependence of the anti-Stokes signal with the laser intensity I las becomes easier to observe in Figure 2d ,e,f as N is increased. Last, the Stokes intensity also acquires a contribution scaling as N 2 I 2 las (eq 2). The absolute strength of this superradiant scattering is similar to the one found for the anti-Stokes signal. However, this quadratic term adds to the linear contribution that dominates the scattering in the thermal regime (the terms proportional to N in eqs 2-3), which is significantly larger for the Stokes than for the anti-Stokes signal (because of n th 1). Thus, it is harder to appreciate this quadratic contribution in the Stokes signal in the figure.
We can quantify the different behavior of the Stokes and anti-Stokes signal more rigorously by estimating quantitatively the laser intensity above which the collective (or superradiant) N 2 scaling becomes relevant. The terms scaling with N 2 I 2 las in eqs 2 and 3 become relevant when the conditions N Γ + ss /γ s = 1 and N Γ + ss /γ s = n th s are fulfilled for the Stokes and anti-Stokes intensity, respectively. In the derivation of these conditions, we have used the simplified expressions c ss ≈ Γ + ss /γ s and n s ≈ n th s + Γ + ss /γ s . Because of n th s ≈ 10 −3 the estimated threshold of the laser intensity is about three orders of magnitude smaller for the anti-Stokes scattering than for the Stokes scattering, as easily observed in Figure 2b ,e. In our system, the quadratic scaling of the anti-Stokes signal appears at I las = 2 × 10 4 µW/µm 2 for a single molecule but could appear at only 60 µW/µm 2 for 300 molecules. The latter intensity is achievable with both CW 45 and pulsed laser 47 and can be further reduced by working at low temperature (by reducing n th s ).
B. Strong Laser Illumination
In the following, we analyze the regime of strong laser illumination I las (orange-shaded area in Figure 2 ). In contrast to previous regimes, there are qualitative differences between the results obtained when the strong laser illumination is (a,d) blue-detuned, (b,e) zero-detuned and (c,f) red-detuned with respect to the plasmonic resonance. As discussed for single molecules 41 , the key to understand these differences is that the optomechanical damping rate Γ opt s becomes comparable to the intrinsic phonon decay γ s , so that depending on the sign of Γ opt s the effective phonon decay γ s + Γ opt s N (i.e. the denominator in eqs 4,5) becomes larger or smaller than γ s .
Blue-detuned Laser Illumination: Parametric Instability
For blue-detuned illumination ( ω l = ω c + 236 meV), the pumping rate Γ + ss is larger than the damping rate Γ − ss , leading to a negative value of the optomechanical damping rate Γ opt s < 0 (see eq 1 and Section S1.3 in the Supporting Information for the dependence of Γ opt s on laser frequency). As a result, the effective phonon decay rate γ s + N Γ opt s < γ s reduces with increasing laser intensity I las (notice Γ opt s ∝ I las ) and this leads to larger incoherent phonon population and noise correlation (see eqs 4, 5) . For sufficiently large I las , the (negative) optomechanical damping rate becomes comparable to γ s and the effective phonon decay rate approaches zero (i.e the denominator in eq 4,5 becomes vanishingly small). In this case, the incoherent phonon population n s and the noise correlation c ss become strongly non-linear with I las and finally diverge, as shown by the blue and red lines in Figure 2a , respectively. This divergence is known as parametric instability in cavity optomechanics 43 , and it is also seen in the Raman scattering 39, 40 (blue and red lines in Figure  2d ) because the Raman depends on n s , c ss (eqs 2 and 3). In addition, we show in Section S5.2 of the Supporting Information that, in this regime, the Raman lines become also narrower and shifted.
We can define the laser threshold intensity I thr to achieve the parametric instability as the value for which the Raman scattering diverges (Γ opt
, we obtain immediately that I thr is reduced as the number of molecules increases, i.e. the second collective effect, which is clearly shown in Figure 2a ,d. This collective effect can be understood as the consequence of coupling the plasmonic mode with the collective bright mode of the molecules, with a coupling strength that scales 39 as √ N g s (Section S4 in the Supporting Information). I thr is about 5 × 10 7 µW/µm 2 for a single molecule, but reduces to 1.5 × 10 5 µW/µm 2 for 300 molecules. We note that such large intensities are difficult to reach in practise and can lead to effects not included here (for example, it may even destroy the molecular sample 47 ). Furthermore, for illumination larger than about 1.8 × 10 6 µW/µm 2 the coupling strength with the driving laser, Ω, becomes comparable to the plasmon frequency ω c and the validity of the RWA approximation used in our model is compromised.
Zero-detuned Laser Illumination: Superradiant Stokes Scattering
In Figure 2b ,e, where the laser is resonant with the plasmonic mode (ω l = ω c ), the vibrational damping and pumping rate are equal, i.e. Γ − ss = Γ + ss , leading to a vanishing optomechanical damping rate Γ opt s = 0 (eq 1). The outcome of this situation is that the response maintains the trends in the vibrational pumping regime (where Γ opt s is negligible because of the small laser in-tensity I las ): the noise correlations and the incoherent phonon populations exhibit identical linear scaling with the laser intensity c ss ≈ n s ≈ Γ + ss /γ s ∝ I las (Figure 2b and eqs 5,4), and the integrated Stokes and anti-Stokes signal increase quadratically with both the laser intensity and the number of molecules (Figure 2e and eqs 2,3). It is indeed in the situation with zero-detuned laser illumination where the superradiant quadratic scaling of the Stokes scattering is easier to appreciate. We discuss in Section S5.4 of the Supporting Information how extra features appear for very large laser intensities if the laser frequency is detuned to the original plasmonic cavity frequency ω c instead of the shifted one ω c .
Red-detuned Laser Illumination: Phonon Saturation
If we illuminate the system with a red-detuned laser ( ω l = ω c − 236 meV), the vibrational damping rate is larger than the pumping rate Γ − ss > Γ + ss . Thus, the optomechanical damping rate is thus positive Γ opt s > 0, and the effective phonon decay rate becomes larger γ s + N Γ opt s > γ s . For sufficiently strong illumination, the larger loss compensates the linear increase of the vibrational pumping rate with increasing laser intensity. As a result, the incoherent phonon population and noise correlation saturate towards n th s + Γ st ss /(N Γ opt s ) and Γ st ss /(N Γ opt s ), respectively (Figure 2c ), which can be achieved by considering the limit of large laser intensity in eqs 4,5 (with Γ st ss ∝ I las ,Γ opt s ∝ I las and n th s 1). Because of the saturation, the Stokes and anti-Stokes signal become again linearly dependent on the laser intensity ( Figure 2f and eqs 2,3).
In a similar manner as for the parametric instability, the saturation becomes significant for N Γ opt s ≈ γ s , so that a larger number of molecules allow for reaching this effect for weaker (but still very strong) laser intensity. This effect is again due to the coupling with the collective bright mode of the molecules (Section S4 in the Supporting Information). Furthermore, the expressions derived above indicate also that larger N leads to a ≈ 1/N decrease of the saturated value of the noise correlation, as shown by Figure 2c . The incoherent phonon population remains nonetheless larger than n th s . The dependence of the noise correlation and the phonon population on N is a signature of collective effects. However, we see that the integrated Stokes intensity per molecule does not depend on N for any laser intensity and the anti-Stokes signal per molecule becomes independent of N for very strong illumination ( Figure  2f ). These behaviors occur because the superradiant contribution to the SERS signal that scales as N 2 is compensated by the 1/N decrease of the incoherent phonon and the noise correlation, so that the signal becomes proportional to the number of molecules (i.e. constant after normalization by N ). In fact, the presence of collective effects for strong I las and red-detuned illumination may be more easily demonstrated by studying the change of the Raman lines, which would become broader and shifted as the laser becomes more intense (see Section S5.2 in the Supporting Information). Last, we note that in typical cavity-optomechanical systems, characterized by low mechanical frequencies and thus large thermal population n th s , a positive value of Γ opt s is often exploited to reduce the phonon population below the thermal value, i.e. to cool the sample 43 . In contrast, we have shown ( Figure 2f ) that in our system, which exhibits a much larger vibrational frequency, the incoherent phonon population remains always larger than n th s . This difference occurs because the phonon decay rate of the thermally activated molecules equals Γ opt s n th s (corresponding to the negative term in the numerator of eqs 4,5), which scales with the thermal phonon population. For a large n th s , as typical in cavity-optomechanics, this decay rate will dominate over the incoherent pumping rate Γ + ss and thus the cooling can occur. In contrast, in our system Γ + ss remains the larger of the two contributions and thus the system is rather heated, i.e. n s > n th s . Thus, when the laser is red-detuned with respect to the plasmon, we refer to the regime of large intensities as the saturation regime, instead of the cooling regime as often referred in cavity optomechanics.
C. Collective Effects Landscape
We summarize the collective effects in Figure 3 , where the integrated anti-Stokes signal is shown as a function of the number of molecules N for blue-detuned laser il-lumination and different laser intensities I las . The results for the Stokes signal under a blue-detuned laser illumination, and for the anti-Stokes signal under redand zero-detuned illumination are shown in Section S5.4 of the Supporting Information. Here, we plot the total signal from all the molecules and do not normalize them by N . For small I las (the thermal regime, red dotted line) the total signal scales linearly with N , as it should occur for independent molecules, which indicates the absence of collective effects. For intermediate I las (the vibrational pumping regime, blue dashed line), we find the first collective effect, namely the quadratic scaling of the anti-stokes SERS signal with N that we have explained as a superradiant phenomenon. Last, for the strongest laser intensity I las (the parametric instability regime, solid black line), the signal increases faster than N 2 , which is a manifestation of the second collective effect, namely the influence of N on the effective phonon decay rate and thus on the threshold laser intensity to achieve the parametric instability. This can be understood as the consequence of as the result of coupling with the bright collective mode with a coupling strength √ N g s or the multiple paths of the Stokes scattering in Figure 1c . More precisely, in this case, the signal scales as N 2 /(1 − αN ), with α = |Γ opt s |/γ s a constant proportional to I las . Thus, for fixed I las , an increasing number of molecules brings the laser illumination closer to the condition αN = 1 to achieve the parametric instability. In addition, in Section 5.3 of the Supporting Information we examine how the collective effects are affected by the Raman activity of the molecule.
IV. CONTRIBUTIONS TO THE RAMAN LINEWIDTH
We have so far focused on a simple system where the molecules are identical and the only loss mechanism experienced by them is the phonon decay. In real experiments, however, the situation can be more complex. For example, the molecules can show small variations of vibrational frequencies (inhomogeneous broadening) and the width of the Raman lines can be affected not only by the phonon decay but also by other phenomena, such as spectral wandering and collision-induced pure dephasing, (which leads to homogeneous broadening 52 ). To our knowledge, it is still not well understood to what extent the homogeneous and inhomogeneous broadening influence the vibrational dynamics. However, it has been shown that they can affect strongly the collective response of atomic ensembles 63 . Thus, it is important to examine their impact on the collective effects of SERS.
A. Influence of Homogeneous Broadening
We model the homogeneous broadening by a Lindblad term in the master equation with a dephasing rate χ s (see Methods Section). Considering again identical molecules and exploiting the permutation symmetry, we obtain
for the noise correlation and the incoherent phonon population, respectively. Comparing these equations with eqs 4 and 5, we observe a change in the denominator that can be understood as a reduction of the effective number of molecules contributing to the collective response from N to N ef f = (2χ s + N γ s )/(γ s + 2χ s ). In addition, the noise correlation is also reduced by γ s / (γ s + 2χ s ) with respect to the value for 2χ s = 0. The integrated Stokes and anti-Stokes intensity can be computed with eqs 2 and 3, which do not depend explicitly on χ s , so that they are affected by the pure dephasing only due to their dependence on the noise correlation and incoherent phonon population. The derivation of all the expressions can be found in Section S3 in the Supporting Information. We illustrate next the effect of the homogeneous broadening χ s on the collective effects of systems under bluedetuned laser illumination and with the phonon decay rate γ s = 0.07 meV. Figure 4a demonstrates that, for moderate illumination I las = 10 4 µW/µm 2 with a bluedetuned laser (the vibrational pumping regime), the evolution of the integrated anti-Stokes signal is dominated by the superradiant contribution that scales quadratically with the number of molecules (∝ N 2 ). This contribution becomes weaker for increasing χ s but remains significant for all values considered, which indicates that the superradiant anti-Stokes scattering is robust to the homogeneous broadening. We can quantify this statement by inserting eqs 6 and 7 into eq 3 to obtain the term scaling with N 2 as approximately N 2 Γ − ss Γ + ss / (γ s + 2χ s ). In addition, this expression also indicates a quadratic scaling with laser intensity because Γ − ss ∝ I las and Γ + ss ∝ I las . Figure 4b shows that the larger the homogeneous broadening 2χ s the more molecules are required to observe the divergent Stokes signal at strong laser illumination (here I las = 5 × 10 4 µW/µm 2 ), i.e. the parametric instability. The increase of number of molecules, however, is moderate and progressive. More precisely, the number of molecules required to reach the divergence is N ≈ γ s (γ s + 2χ s )/(γ s |Γ opt s |) (obtained by setting the denominator in eq 7 as zero and assuming large N ). In short, the collective effect is robust to the homogeneous broadening.
B. Influence of Inhomogeneous Broadening
We consider next the inhomogeneous broadening due to slight variations of the vibrational frequencies in different molecules, which could be caused, for example, by different Stark shifts induced by the local environment or by different chemical interaction with the metal atoms of the plasmonic system 66 . We model the inhomogeneous broadening with a Gaussian distribution
of the vibrational frequencies ω s , characterized by the mean µ = 196.5 meV and the standard deviation σ (corresponding to a linewidth of the distribution χ G = 2 √ 2ln2σ). An example of the random frequency distribution is shown by the histogram in Figure 5a . We compute the Raman spectra by solving numerically the equations given in Section S2 of the Supporting Information for systems with up to 40 molecules. The blue dashed lines in Figure 5a show two examples of the anti-Stokes Raman spectra for I las = 10 4 µW/µm 2 and χ G = 3γ s ( γ s = 0.07 meV, spectra shifted for visibility). The average of such anti-Stokes spectra over thirty simulations is shown by the solid line and it shows a smooth single peak similar to those measured in typical experiments. For the parameters considered in Figure 5 , the linewidth of the spectra is approximately χ G .
We show in Figure 5b the dependence of the integrated anti-Stokes spectra with the number of molecules N for different values of inhomogeneous broadening χ G (relative to the phonon decay rate γ s = 0.07 meV). We show the mean and standard deviation of thirty realizations for laser illumination I las = 10 4 µW/µm 2 (in vibrational pumping regime). The standard deviation is relatively small and thus for given χ G the results depend only weakly on the exact random distribution of the vibrational frequencies. As for the homogeneous broadening, increasing χ G reduces the mean intensity but does not affect the quadratic scaling of the signal. To be more precise, we fit the mean intensity to αN +βN 2 (with α, β as fitting parameters) and find that the linear contribution αN (red dashed lines) is negligible. The decrease of the quadratic contribution with increasing χ G is moderate and it becomes about three times smaller when the ratio χ G /γ s increases from zero (i.e. identical vibrational frequencies) to three. The latter χ G /γ s ratio is close to the value reported experimentally in ref 66 . We thus conclude that the superradiant N 2 scaling can survive in the presence of significant inhomogeneous broadening.
Last, Figure 5c shows the integrated anti-Stokes intensity for N = 40 molecules, the inhomogeneous broadening χ G /γ s = 3 and increasing laser intensity I las . The strongest intensities considered are close to the value leading to the divergent SERS signal (the parametric instability). The gray lines show thirty realizations and the solid blue line their average. The standard deviation of the results becomes larger as I las increases, but the qualitative behavior remains the same for all realiza-tions. To characterize the variation quantitatively, we fit the results with the expression I 2 las /(1 − I las /I thr ), with I thr the threshold intensity at which the signal diverges. We plot the resulting I thr in the inset of Figure 5c . We obtain an average threshold of 1.38 × 10 6 µW/µm 2 and the threshold for different realizations differ from this average by a maximum of ±21 percent. In conclusion, we have seen that the strength of the collective effects is reduced by increasing inhomogeneous broadening, but that the change is gradual and moderate.
C. Equivalence of Homogeneous and Inhomogenous
Contributions to the Collective SERS Signal
In the previous sections we have considered three mechanisms (phonon decay, homogeneous broadening and inhomogeneous broadening) contributing to the width of the Raman lines. It is however not clear if collective effects depend on which of these mechanisms is present in a given experiment, or whether it is only the value of the linewidth (at low laser intensity I las ) that is important. We investigate this question with a system illuminated by a blue-detuned laser [ (ω l − ω c ) = 236 meV]. As in the previous subsection, when the inhomogeneous broadening is present we average thirty realizations of molecules with slightly different (random) vibrational frequencies. Figure 6a compares the integrated anti-Stokes intensity in the vibrational pumping regime (I las = 10 4 µW/µm 2 ) as a function of the number of molecules for a situation where the Raman linewidth is only due to (i) the phonon decay rate γ s = 0.21 meV (red dashed lines), and two other situations where the Raman linewidth Laser intensity threshold I thr to achieve the parametric instability is plotted against the linewidth of the Raman lines γT that would be obtained at low laser intensity. The linewidth for the three situations is estimated as γT = γs (red dashed curves), γT = 2χs + γs (blue dotted lines) and γT = χG (black stars for the average and vertical bars for the 1-sigma standard deviation). In the latter two cases, γs is fixed as 0.07 meV and we modify 2χs or χG. The inset shows I thr for increasing γs in the case of a single molecule. In all panels, we assume (ω l − ω c ) = 236 meV and temperature T = 290 K. The results plotted for χG > 0 are computed from thirty different realizations.
is determined by (ii) a weaker decay rate γ s = 0.07 meV and a homogeneous broadening 2χ s = 0.14 meV (blue dotted line) or (iii) an inhomogeneous broadening χ G = 0.21 meV (solid black lines). These values are chosen because they lead to similar anti-Stokes spectra in the thermal regime, as demonstrated in the inset for I las = 10 µW/µm 2 . Notice that the spectra have Lorentzian shape in the first two cases but a Gaussian-shape in the last one. We observe that the three cases result in almost the same N 2 superradiant scaling. There is some difference in the results for systems with more molecules but this difference remains moderate.
Further, we show in Figure 6b the laser threshold intensity I thr to achieve the parametric instability as a function of the total level of losses for the three situations under consideration. We quantify the losses by the approximate linewidth γ T that would be obtained for low laser intensity. For the three different situations under study, γ T corresponds to (i) γ T = γ s with 2χ s = χ G = 0 (red dashed lines) , (ii) γ T = 2χ s + γ s with χ G = 0 (blue dotted line) or (iii) γ T = χ G with 2χ s = 0 (black stars and black error bars). In the last situation, γ T = χ G is expected for sufficiently large χ G γ s . For the first scenario, we vary the phonon decay rate γ s , while for the other two we fix γ s = 0.07 meV and vary either 2χ s or χ G . We obtain I thr from the theoretical expressions when the inhomogeneous broadening is absent, and otherwise from fitting the calculated results, as discussed in the previous sections.
The situation including inhomogeneous broadening (χ G > 0) results in the smallest average I thr (black stars) for all γ T , although the variation from realization to re-alization increases as the linewidth becomes larger (black error bars). For the first situation with only phonon decay γ s (dashed red line), I thr scales linearly with the linewidth γ T and is about two times larger than the situation with inhomogeneous broadening for the same γ T . Last, the situation including homogeneous broadening (2χ s > 0) leads to intermediate values of I thr for the largest γ T considered (dotted blue line), while for γ T 0.21 meV I thr becomes similar to the results with just the phonon decay. For reference, the inset of Figure  6b gives the laser threshold for one single molecule and no broadening, which is is about 40 times larger than those for 40 molecules.
We have thus shown that the mechanisms behind the width of the Raman lines can result in some differences in the SERS signal, but these differences are generally small or moderate. It thus seems possible to predict the general impact of collective effects in an experiment even if the exact mechanism inducing the width of the Raman lines is not known.
V. SUMMARY AND DISCUSSION
In summary, we have developed a model based on molecular optomechanics to describe surface-enhanced Raman scattering (SERS) from many molecules near a metallic nanostructure. The resulting equations can be solved analytically for identical molecules or numerically for more general systems.
Our model indicates that the collective effects in SERS are mediated by the quantum correlation between molecules and it reveals the conditions under which the collective response could emerge in experiments. More precisely, we focus on two types of collective effects by analyzing the evolution of Raman scattering with increasing number of molecules N .
The first collective effect is a 1/N dependence of the threshold laser intensity required to observe: (i) the divergence and narrowing of the SERS lines (the parametric instability) for a laser blue-detuned with respect to the plasmonic resonance, and (ii) the saturation of the phonon population and the broadening of the SERS lines under a red-detuned laser. The observation of these phenomena requires very intense illumination (likely a pulsed laser) even for optimized conditions (many molecules, vibrational modes with large Raman activity and low phonon decay rate). The required intensity is so large that other mechanisms might affect the response of the system, such as the burning of the molecules and the presence of vibrational anharmonicities. Thus, the experimental demonstration of these phenomena would likely require very carefully designed systems. In addition, for such strong illumination, a more rigorous treatment of the laser-plasmon coupling beyond the rotating waveapproximation may introduce some corrections to our results.
As the second collective effect, we show that the SERS signal increases quadratically with the number of molecules for red-, blue-or zero-detuned laser illumination, i.e. we establish on a firm theoretical basis the effect of superradiant Raman scattering. The laser intensity to observe this effect in the anti-Stokes scattering at room temperature is about three orders of magnitude smaller that the intensity to observe the parametric instability, and phonon-population saturation or to observe superradiance in the Stokes scattering. Further, the intensity required to observe the superradiant anti-Stokes scattering can be further reduced by working at low temperature. Thus, this collective effect seems particularly attractive for experimental demonstration with continuous or pulsed lasers.
To better understand the main features of collective effects in SERS, we have focused on a situation where molecules that support a single vibration interact with each other via their coupling to a single plasmonic mode, ignoring direct inter-molecular interaction 44 . Our results are thus better suited, for example, for well-separated molecules and laser illumination with sufficiently low frequency so that the multiplicity of high-order electromagnetic modes (or pseudomodes 67 ) do not contribute significantly. However, this model can be actually extended to describe more general situations that might involve direct inter-molecular interactions, multiple Raman-active vibrations, multiple plasmonic modes or infrared active vibrations. Further, we initially considered a relatively simple situation of identical molecules with no decay channel beyond standard phonon decay, but we also demonstrated that the collective response survives in more complex scenarios. Specifically, we verify that the collective phenomena are affected only moderately by the presence of homogeneous and inhomogeneous broadening of the molecular vibrations, so that the effects reported here seem robust.
In conclusion, our results establish a general theoretical framework to study collective effects in SERS, and suggest that novel collective phenomena can be accessible to experiments under realistic laser illumination.
VI. METHODS
We apply open quantum system theory 58 to describe SERS, including all relevant incoherent processes. In this description, the dynamics are governed by the quantum master equation for the density operator ρ: 
where we introduce the superoperator (for any operator o) D [o] ρ = 2oρo † − o † oρ + ρo † o and the thermal phonon population n th s = [e ωs/k B T − 1] −1 at temperature T (k B is the Boltzmann constant). The first Lindblad term describes the damping of the plasmonic mode at rate κ, the second the homogeneous broadening due to the pure dephasing rate χ s , and the last two the phonon decay at rate γ s and the thermal pumping of the molecular vibrations, respectively.
To solve the master equation (eq 8), we first go to a frame rotating with the laser frequency, then linearize the optomechanical interaction H int and finally eliminate the plasmonic degree of freedom. In the end, we obtain the following effective master equation for the reduced density operator ρ v of the vibrational noise operator δb s = b s − β s (with coherent amplitudes β s = tr {b s ρ}):
with Hamiltonian
and Lindblad terms
for the superoperator D The derivation of these expressions and the values of the different parameters are given in Section S1 of the Supporting Information. Briefly, the parameters Ω + ss , Ω − ss can be obtained from the real part of the spectral density S ss (ω) at the Stokes ω = ω l − ω s and anti-Stokes lines ω = ω l + ω s , respectively, and describe the plasmon-induced frequency shift (s = s ) and the plasmon-mediated coherent coupling (s = s ). Similarly, the parameters Γ + ss , Γ − ss can be calculated from the imaginary part of S ss (ω) and describe the plasmoninduced pumping Γ + ss and damping Γ − ss and the plasmonmediated dissipative coupling (Γ + ss and Γ − ss with s = s ). S ss (ω) depends on the optomechanical couplings g s g s of two distant molecules, the frequency detuning between the laser and the plasmonic cavity mode, the plasmonic losses and the laser intensity. In Section S1.3 in Supporting Information, we show the dependence of Ω ± ss and Γ ± ss on laser frequency, which is key to understand the collective effects under intense laser illumination.
From eq 10 we can derive the equations These equations can be solved for the system with a significant number of molecules.
Last, we obtain the Stokes and anti-Stokes SERS signal from the correlations of the noise dynamics according to 53 
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S1. EFFECTIVE QUANTUM MASTER EQUATION FOR MOLECULAR VIBRATIONS
A. System and model
In the main text, we have outlined the procedure to obtain the effective master equation for the molecular vibrations. In this section of the Supporting Information, we describe the derivation, the approximations involved and the final equations in more detail.
For 
, where W is the total electromagnetic field energy and |E m | is the maximum of the local electric field at resonance. The factor f s accounts for the position and orientation of the molecules, with f s = 1 for a molecule at the position of maximum local field and with an optimal orientation, and f s < 1 otherwise S1 . The coefficient Ω describes the efficiency of the plasmon excitation by the incoming laser and follows Ω = κ 2 0Vef f 2 ωc K |E 0 | with κ the plasmon damping rate, K = |E m |/|E 0 | the local-field enhancement factor and |E 0 | the laser amplitude. In all the paper, we assume that the molecules are placed in vacuum, and do not consider explicitly the (relatively small) correction on the local fields due to the off-resonant molecule polarizability (i.e. the optical contrast between the molecules and the surrounding vacuum). The derivation of these expressions and a longer discussion can be found in Ref S1,S2. We describe the system dynamics with the following quantum master equation
To concentrate on the slowly varying dynamics, we work in a frame that rotates with the laser frequency ω l so that H = e iH0t (H − H 0 ) e −iH0t with H 0 = ω l a † a. In this case, we haveH =H vib +H cav +H int +H las withH vib = H vib ,
and the slowly varying operators
account for possible dissipative processes associated with an operator o. In our system, we include the plasmon damping with rate κ, and the dephasing, decay and thermal pumping of the vibrational modes with rate χ s , γ s (and thermal phonon population n th s ), respectively.
B. Effective master equation
To proceed, we separate the coherent amplitudes α = a l = tr {a l ρ} and β s = b s = tr {b s ρ} from the noise operators δa l and δb s according to a l = α + δa l and b s = β s + δb s (tr indicates the trace). The equations for the coherent amplitudes can be obtained from the equation ∂ t o = ∂ t tr {oρ} = tr {o∂ t ρ} with o = a l , b s and eq S1:
S2
where we have introduced ω c = ω c − s g s 2Reβ s and ignored the contributions δa l δb s and δa l δb † s . The above equations indicate that the coherent dynamics are not affected by the noise dynamics. The steady-state solution is simply S1,S2 α = Ω/ [i (ω c − ω l ) + κ/2] and β s = |α|
Applying a l = α + δa l and b s = β s + δb s directly to the HamiltonianH in the rotating framework and dropping again the negligible terms δa l δb s ,δa l δb † s , we can approximate the Hamiltonian as the linearized HamiltonianH =
After this approximation the Lindblads remain identical as in eq S1 (but applied to the noise operators). The HamiltonianH las describing the plasmon excitation by laser does not appear explicitly, and the effect of the laser is included by the values of α and β s . Once this linearized Hamiltonian has been obtained, we can then treat the plasmon as a reservoir that acts a source of incoherent pumping and losses and eliminate it from the master equation and finally obtain the effective master equation for the reduced density operatorρ v = tr R {ρ} of the vibrational noise operators (tr R indicates the trace over the plasmonic reservoir). The derivation is similar to that found in the formulation of open-quantum systems S3,S4 . We sketch the main steps in the following.
We takeH vib as the system Hamiltonian,H cav as the reservoir Hamiltonian andH int as the system-reservoir interaction Hamiltonian. To work in the interaction picture, we apply the transformationH int = e iH0tH int e −iH0t withH 0 =H vib +H cav and get the new interaction Hamiltoniañ
We then treat this interaction as a perturbation in second order and apply the Born-Markov approximation to obtain equation of motion for the reduced density operatorρ v of the system (molecular vibrations) S3
On the right side of the above equation, we have decomposed the total density operatorρ as the productρ vρR of that of the molecular vibrationsρ v and of the plasmonρ R .
We can now insert eq S5 into eq S6 and evaluate the emerging terms. Since the plasmonic noise operators δa † l , δa l describe the noise dynamics after removing the coherent plasmonic excitation α, they follow similar dynamics as a harmonic oscillator of same loss κ on the ground state. Thus, we can then treat the plasmon as a reservoir by assuming tr R δa † l δa lρR = 0 and tr R δa l δa † lρ R = 1 (satisfied by the harmonic oscillator). Since this reservoir decays exponentially at the rate of the plasmonic loss κ, we introduce the damping term e −(κ/2)t for the noise operators a † l , δa l ∝ e −(κ/2)t in eq S5. Inserting the resultingH int (t) into eq S6, we encounter the integrals ∞ 0 dτ e −i(ω c −ω l ±ωs)τ −(κ/2)τ and ∞ 0 dτ e i(ω c −ω l ±ωs)τ −(κ/2)τ . We can solve these integrals analytically to obtain {i [ω c − (ω l ∓ ω s )] + κ/2} −1 and
respectively. Finally, we arrive at the effective master equation
for the reduced density operator ρ v of the molecular vibrations with Hamiltonian
and dissipation Here, we have introduced the superoperator D [o, p] ρ = 2oρp−(poρ + ρpo) (for any pair of operator o, p). The plasmon affects the vibrational dynamics through the parameters
which are determined by the spectral density
The parameters Ω + ss , Ω − ss describe the plasmon-induced frequency shift (s = s ) and the plasmon-mediated coherent coupling (s = s ) while the parameters Γ + ss , Γ − ss describe the plasmon-induced pumping Γ + ss and damping Γ − ss and the plasmon-mediated incoherent coupling Γ + ss and Γ − ss (s = s ). Notice that the spectral density defined by eq S12 can depend on the optomechanical couplings g s g s of two distant molecules.
Using the expressions of α l , g s , Ω, we can also write explicitly the dependence of eq S12 on the amplitude of Raman tensor and the effective mode volume of the plasmon as
where we have introduced the laser power density I las = 1 2 0 c |E 0 | 2 .
C. Dependence of plasmon-induced parameters on laser frequency
We study next the evolution of the parameters Ω + ss , Ω − ss , Γ + ss , Γ − ss with laser frequency ω l , which describe the effect of the plasmon on the molecular vibrations (as discussed in the previous section). We restrict our study to the parameters related to single molecules, i.e. s = s , but the parameters related to two molecules, i.e. s = s , behave similarly as far as the two molecules have similar vibrational frequencies and optomechanical coupling strengths, i.e. ω s ≈ ω s , g s ≈ g s . In general, all the parameters are linearly proportional to the laser intensity I las and here we consider I las = 10 5 µW/µm 2 . Figure S1a shows that Γ + ss and Γ − ss have a maximum around ω l = ω c + ω s and ω l = ω c − ω s , respectively. These maxima present a ≈ 100 meV-wide flat region because of the enhancement at the excitation and emission frequencies, which is resulted from two overlapping Lorentzian functions centered at ω c and ω c + ω s for Γ + ss or ω c and ω c − ω s for Γ − ss (see eqs. S11, S12). The resulting optomechanical damping rate Γ opt s = Γ − ss −Γ + ss is negative for blue-detuned laser illumination ω l > ω c , zero for zero-detuned laser illumination ω l = ω c and positive for red-detuned laser illumination ω l < ω c (see Figure S1b) , which determines the response of the system for strong laser illumination as discussed in the main text.
Similarly, Figure S1c shows that Ω + ss (Ω − ss ) approaches a positive maximum (negative minimum) around ω l = ω c and it becomes positive (negative) for ω l < ω c − ω s (ω l > ω c + ω s ). As a result, the total Ω + ss + Ω − ss (twice the vibrational frequency shift) can be either positive [in the range (−∞, −160) meV and (0, 160) meV] or negative [in the range (−160, 0) meV and (160, ∞) meV], see Figure S1d . The maximum shift for the considered laser intensity I las = 10 5 µW/µm 2 reaches a value of |Ω + ss + Ω − ss | ≈ 2.0 × 10 −5 meV. 
where we have introduced the abbreviations
In the main text, for simplicity, we have used the symbol n s , c ss to represent δb † s δb s and δb † s δb s (s = s ), respectively. In the following, however, we keep the notation δb † s δb s , δb † s δb s in order to present the formulas in a compact way. We can write the set of equations in eq S14 in a matrix form ∂x/∂t = − Γ − i V (1) − V (2) x + λ, where the vectors x, λ and the matrices Γ, V (1) , V (2) are defined with the elements
s s . The subindexes order the elements and follow α = sN + s , β = s N + s with N the total number of molecules. We then obtain the steady-state values of the incoherent phonon population and the noise correlation by simply calculating
On the other hand, setting o = δb s and δb † s we obtain another close set of equations for the noise amplitudes δb s :
and the conjugate equations
These equations allow us to obtain the emitted spectra, as we show below. The spectrum detected in the far field can be computed S1,S2 as S(ω) ∝ ω 4 ∞ −∞ dτ e −iωτ a † (τ ) a (0) (with ω 4 accounting for the frequency-dependence of dipolar emission). Using a † = a † l e iω l t and a † l = α * + δa † l (and their conjugates) and focusing on the incoherent part of the spectrum (responsible for the Raman scattering), we obtain S(ω) ∝ ω 4 ∞ −∞ dτ e −i(ω−ω l )τ δa † (τ ) δa (0) . Further, using the relations δa † l ∝ α s g s (δb s + δb † s ) (that can be derived from the master equation S1 with the linearized Hamiltonian given by eq S4) and focusing on the slowly varying terms (describing the dominant low-order Raman scattering), we finally obtain the Stokes and anti-Stokes spectrum as
S5
Here, the step-function θ (τ ) accounts for the causality in the evolution of the two-time correlation functions, e.g. δb s (τ ) δb † s (0) , and the argument τ refers to the time difference relative to the steady-state value (labeled by the argument 0). To evaluate the correlations we apply the quantum regression theorem S5 , which states that δb s (τ ) δb † s (0) and δb † s (τ ) δb s (0) follow the same equations S15, S16 as δb s and δb † s , but with initial conditions δb s (0) δb † s (0) = δb s δb † s ste and δb † s (0) δb s (0) = δb † s δb s ste . Here, "ste" stands for steady-state. Using these equations and defining S st
Using eqs.S21-S22 and the inverse Fourier transform S k=st,as ss . We then obtain the solutions x k;s = M k −1 λ k;s by direct matrix inversion.
S3. SYSTEMS WITH IDENTICAL MOLECULES
In this section, we consider systems with N identical molecules, i.e. all molecules have same vibrational frequency, same losses and couple with the plasmon in the same manner. Under these conditions, all the observables are invariant if we permute any two molecules. More precisely, the diagonal elements n s = δb † s δb s are the same for any molecule (s) and the off-diagonal elements c ss = δb † s δb s (s = s ) are the same for any molecular pair (s, s ). As a result, we can simplify eq S14 to a system of only two equations
In this section, s = s is implied always. To obtain these equations, we have taken into account that, for identical molecules, Γ + ss = Γ + ss , Γ − ss = Γ − ss , Ω + ss = Ω + ss and Ω − ss = Ω − ss , as can be seen from eqs S10-S11. Thus, we also have v
. For the other relevant parameters we obtain κ ss = γ s , κ ss = γ s + 2χ s , η ss = Γ + ss + n th s γ s , η ss = Γ + ss (the original definition of these parameters can be found just below eq S14).
Eqs. S25-S26 can be solved analytically in the steady-state, which lead to: These equations are the same as eqs 6 and 7 in the main text (where we use n s and c ss to represent the incoherent phonon population and the noise correlation). Similarly, in the absence of the dephasing rate χ s = 0, they correspond to eqs 4 and 5 in the main text. Next, we consider the SERS spectrum from many identical molecules. For identical molecules the functions S k=st,as ss (ω) are the same for any molecule (s) and S k ss (ω) (s = s ) are identical for any molecular pair (s, s ). As a result, we can compute the Stokes spectrum from
where we have used once more Γ + ss = Γ + ss . Notice that N (N − 1) corresponds to the number of molecular pairs for the N identical molecules. We then use eq S23 to obtain the following equations for S st ss (ω) and S st ss (ω): i ω +ω s − N v
Last, we just need to insert this result into eq S31 to get
where we have introduced the frequency ω st = ω l − ω s + N (Ω + ss + Ω − ss ) /2 and the linewidth Γ st = γ s + 2χ s + N (Γ − ss − Γ + ss ). The anti-Stokes spectrum can be computed in the same way. We start from
The equations for the functions S as ss (ω) and S as ss (ω) are obtained from eq S24 and have the form
i (ω −ω * s ) S as ss (ω) + iv (2) ss S as ss (ω) + (N − 1) S as ss (ω) = δb † s δb s ste .
Subtracting the two equations, we obtain 
Inserting this expression back to eq S38, we obtain
S7
Using eq S37, we get
with frequency ω as = ω l + ω s − N (Ω + ss + Ω − ss ) /2 and linewidth Γ as = Γ st . Integrating eqs S36 and S42 with respect to the frequency ω, we obtain eqs 2 and 3 in the main text. In the integration, we assume the ω 4 prefactor to be constant, as the Raman lines are spectrally very narrow. As before, in the main text we use the notation n s and c ss to represent the incoherent phonon population and the noise correlation.
for the bright collective mode and δB † β δB β ste = n th s for the dark modes (β = 1). The population of the collective modes can be also transformed into the incoherent phonon populations of the individual molecules δb † s δb s . Using the transformation δb s = β c * βs δB β , the orthonormality condition s c βs c * β s = δ ββ and the equality δb 
Thus, we have reproduced eqs S29 and S30 (for χ s = 0). Since only the bright mode couples with the plasmon, the Stokes and anti-Stokes signal are determined by this mode. If all the molecules are identical, we have δB 1 = s c 1s δb s = √ N δb s (with c 1s = 1/ √ N ) for this mode and thus can compute the Stokes and anti-Stokes spectrum as given by eq S17 and S18 with S st (ω) ∝
. Applying the quantum regression theorem S5 , the two-time correlations δB 1 (τ ) δB † 1 (0) , δB † 1 (τ ) δB 1 (0) satisfy the same equations as the amplitudes of the collective modes δB 1 , δB † 1 . The equations for the amplitudes can be derived from eq S43 and have the form
Thus, the equations for the correlations are
We can solve the above equations with the initial conditions 1 + δB † 1 δB 1 ste , δB † 1 δB 1 ste and obtain the following expressions for the Stokes and anti-Stokes spectrum
with ω st = ω l − ω s + N 2 (Ω + ss + Ω − ss ) , ω as = ω l + ω s − N 2 (Ω + ss + Ω − ss ), Γ st = Γ as = γ s + N (Γ − ss − Γ + ss ), and the steady-state phonon populations given by eq S45. These results are identical to eqs S36 and S42 in the Section S3 for χ s = 0.
Last, we consider briefly the influence of the vibrational dephasing on the dynamics of the collective modes (for identical molecules).
To do so, we use the transformation δb s = β c * βs δB β to rewrite the Lindblad term χ s s D δb † s δb s ρ v for the vibrational dephasing. As a result, we obtain terms like there are four coefficients in the sums in the brackets, we cannot use the orthogonal condition to eliminate the nondiagonal terms. Therefore, the vibrational dephasing couples the different collective modes and the equations become complicated to solve. Thus, we found it more convenient to obtain the general solution including dephasing by working in the base of individual molecules as discussed in Section S3, instead of using the collective base as considered in this section.
S5. SUPPLEMENTARY NUMERICAL RESULTS

A. Comparison of incoherent and coherent phonon population
The expressions we have derived for the the Raman signal depend on the noise properties, i.e. the incoherent phonon population n s = δb † s δb s and the noise correlation c ss = δb † s δb s (with s = s ), which are defined with the noise operators δb s = b s − β s . However, the coherent amplitudes could in principle also play a role e.g. in the chemical reactivity S9 of the molecule or in the Raman signal when going beyond the linearized Hamiltonian. To verify that these effects are negligible in our studies, we show that the incoherent phonon population is generally much larger than the coherent phonon population.
We compare in Figure S2 the incoherent phonon population n s = δb † s δb s (black solid lines), the noise correlation c ss = δb † s δb s (blue dashed lines) with the coherent phonon population |β s | 2 (red dotted lines) for systems with 300 molecules illuminated by a (a) blue-, (b) zero-and (c) red-detuned laser of increasing intensity I las . In the two former cases, the incoherent phonon population and the noise correlation dominate for all the laser intensity. In particular, under the zero-detuned laser illumination these quantities actually diverge for strong laser intensity because the plasmon frequency is shifted by the optomechanical coupling (see Section S5.5 for more information). Only for the red-detuned laser with very strong intensity I las > 2 × 10 6 µW/µm 2 does the coherent phonon population become larger than the incoherent phonon and the noise correlation. We also note that for such strong illumination the laser-plasmon coupling Ω (upper axis) becomes comparable with the plasmon frequency ω c . In this case, the rotating wave approximation as used in our theory might fail and the rotating term in the laser-plasmon coupling might start contributing to the response.
B. Shift, narrowing and broadening of SERS lines
In the main text, we focused on analyzing the intensity integrated over the SERS lines. On the other hand, the analysis in Section S3 shows that the central frequency ω st (ω as ) and the linewidth Γ st (Γ as ) of the Stokes (anti-Stokes) lines also depend on the number of molecules N , as given by ω st = ω l − ω s + N (Ω + ss + Ω − ss )/2 [ω as = ω l +ω s −N (Ω + ss +Ω − ss )/2] and Γ st = γ s +2χ s +N Γ opt s (Γ as = Γ st ). We plot in Figure S3 how these parameters vary with laser intensity I las for N = 1, 10, 20, ...300 molecules. Figure S3a shows that under blue-detuned laser illumination the Figure S4 : Laser threshold power density to achieve the divergence of the SERS signal (i.e. parametric instability, black lines) and the quadratic scaling of the anti-Stokes SERS signal (blue lines) at T = 290 K and T = 174 K (i.e. thermal energy kBT = 25, 15 meV) versus the Raman activity of the molecular vibrational mode in systems with N = 50 (dashed lines) and 300 (solid lines) molecules. We also indicate the power density achievable in the experiments with a pulsed S10 and continuouswave (CW) S12 laser. We consider the blue-detuned laser with the frequency detuning ∆ = (ω l − ω c ) = 236 meV and no homogeneous broadening χs = 0. Other parameters are the same as used in the main text.
Stokes (blue lines) and anti-Stokes (red lines) Raman lines become blue-and red-shifted, respectively [with a positive shift ω st − (ω l − ω s ) and a negative shift ω as − (ω l + ω s ), respectively] and the shift increases linearly with the laser intensity I las and N . For the anti-Stokes signal we plot − [ω as − (ω l − ω s )], i.e. the shift multiplied by minus one, to plot the data in a logarithmic scale. In addition, the linewidth of these Raman lines ( Figure S3b ) decreases linearly from γ s = 0.07 meV to zero with increasing I las and increasing N . The spectrum thus narrows for increasing laser intensity and number of molecules. In contrast, for red-detuned laser illumination we obtain the opposite trends: as N and I las increases the Stokes and anti-Stokes lines become red-and blue-shifted, respectively, ( Figure S3c ) and the linewidth increases, i.e. broader spectrum, ( Figure S3d ). We don't show the results for zero-detuned laser illumination because in this case both the frequency and the width of the Raman lines remain constant. x2.6x10 12 Figure S5 : Stokes intensity (a) and anti-Stokes intensity (b,c), scaled as indicated in the panels, as a function of the number of molecules N (from 1 to 300) for system illuminated by a blue-(a), zero-(b) and red-detuned (c) laser of intensities I las as indicated in the legends. These results correspond to vertical cuttings of the curves shown in Figure 2d -f in the main text. For the blue-, zero-and red-detuned laser, the frequency detunings are ∆ = (ω l − ω c ) = 236, 0, −236 meV, respectively. We consider the temperature T = 290K and no homogeneous broadening 2χs = 0. Other parameters are same as used in the main text.
C. Laser threshold for molecules with different Raman activity
We examine in this section how the emergence of the collective effects depend on the temperature and properties of the molecules. In the main text, we have used a large Raman activity 10 5 0Å 4 /amu that would account for both the chemical enhancement and a possible conformational change of the biphenyl-4-thiol molecule that we have chosen as reference S10,S11 . However, the Raman activity can change dramatically depending on the particular molecule considered and its exact interaction with the gold atoms.
We first focus on the threshold laser intensity I thr to achieve the parametric instability, i.e. the divergence of the phonon population and the SERS signal. I thr can be computed from the condition N |Γ opt s | = γ s (see the main text). The black lines in Figure S4 indicate I thr for the Raman activity increasing from 10 3 to 10 5 0Å 4 /amu, and systems with N = 50 (dashed lines) and N = 300 molecules (solid lines). Other parameters take the same values as in the main text. We see that I thr is always very large but can be reduced by increasing the number of molecules N and the Raman activity. For reference, we also indicate in the figure the typical intensity ranges that are accessible with pulsed S10 and continuous-wave (CW) S12 laser.
Next, we consider the laser intensity I sr necessary to observe the superradiant N 2 scaling of the anti-Stokes signal. As indicated in the main text, I sr can be computed from the condition N Γ st s = n th s γ s . The blue lines in Figure  S4 show the evolution of I sr for the same Raman activity and number of molecules as considered for the threshold intensity I thr and two different temperatures T = 290 K and T = 174 K (corresponding to thermal energy k B T = 25 meV and 15 meV), which reduces the thermal phonon population n th s from 3.9 × 10 −4 to 2.0 × 10 −6 . We see that the superradiance of the anti-Stokes signal is significantly easier to be achieved than the parametric instability, and can be even accessed with continuous laser illumination, particularly for sufficiently low temperature.
D. Collective effects landscape under blue-, zero-and red-detuned laser illumination
In Figure 3 in the main text, we summarized the different scaling of the anti-Stokes signal with the number of molecules N for a blue-detuned laser of various intensities I las . In Figure S5 we provide additional results for (a) the Stokes intensity under blue-detuned illumination, and (b,c) the anti-Stokes intensity for various illumination with a (b) zero-and (c) red-detuned laser. Comparing Figure S5a with Figure 3 in the main text, we see that larger intensities are required to observe the quadratic N 2 scaling for the Stokes than for the anti-Stokes signal. For such large intensities, it becomes difficult to distinguish between this N 2 scaling of the Stokes signal and the ∝ N 2 /(1−αN ) scaling that is typical of the parametric instability. Figure S5b shows that for the zero-detuned laser the scaling of the anti-Stokes signal progresses from the linear ∼ N to super-linear ∼ N (1 + N α) [with α = Γ + ss /(γ s n th s )] and finally to quadratic scaling ∼ N 2 with increasing laser intensity. Last, we show in Figure S5c that for the red-detuned laser the scaling changes from the linear ∼ N to quadratic ∼ N 2 and finally to linear scaling ∼ N again with increasing laser intensity. Parametric Instability or Saturation Figure S6 : Same as Figure 2 in the main text except that the detuning ∆ω = ω l − ωc is defined here as the difference between the laser frequency ω l and the plasmon frequency ωc (instead of the difference between the laser frequency and the shifted plasmon frequency ω c ).
E. Influence of phonon-induced plasmon shift on Stokes and anti-Stokes intensity
We have discussed in Section S1 B that the molecular optomechanical coupling can shift the plasmonic resonant frequency ω c = ω c − 2 s g s Re[β s ] by 2 s g s Re[β s ] (which is 2N g s Re[β s ] for identical molecules). Since the coherent phonon population |β s | 2 scales linearly with the laser intensity I las (via the coherent plasmon amplitude α l , see Section S1 B), the shift scales also with the laser intensity and this complicates the analysis of the Stokes and anti-Stokes spectrum. Thus, to simplify the analysis we have considered the detuning of the laser frequency relative to the shifted plasmonic frequency ω c in the main text. In an experiment, this can actually be done by adequately tuning the laser frequency as I las increases.
To understand the effect of this phonon-induced plasmonic shift, we plot in Figure S6 the dependence of the results on I las and N for different laser frequencies. These results are calculated for the same conditions as those in Figure 2 of the main text, except that here we tune the laser frequency ω l relative to the original plasmon frequency ω c , instead of to the shifted one ω c . We see that the only significant difference compared to Figure 2 occurs for zero-detuned
